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Summary. Tile propor t ion  of f ixed loci for desirabIe genes and the  t ime required for f ixat ion is s tudied in s imula ted  
diploid populat ions,  which have  init ial ly a HARDY-WmNBERC structure.  A symmet r i c  ten-locus sys tem of addi t ive  
or dominan t  genes is s imula ted  wi th  l inkages be tween  ad jacen t  loci va ry ing  as .005, .05, or .5. A cons tan t  degree 
of upper  t runca t ion  selection wi th in  a popula t ion  is considered over  the  generations.  In  different  populat ions  the  
in tens i ty  of t runca t ion  is var ied  as N/N, N / N  + 2, N / N  + 4 . . . .  , where N is the  parenta l  popula t ion  size, specified 
as 2, 4, 8 or 16. The  selection differential  in init ial  generation,  7, the reby  varies  f rom zero to more than  two s tandard  
devia t ions  ha some cases. The  init ial  mean  gene frequency,  p, s imula ted  in an init ial  popula t ion  is .1 or . 5. 

I t  is po in ted  ou t  t h a t  when  select ive advan tage  of a gene is large and is changing wi th  gene frequency,  diffusion 
approx imat ions  assmning cons tan t  select ive advantage ,  gives higher  values  for propor t ion  of f ixed genes in the  case 
of p equal  to .t and lower values  for p equal  to .5. W i t h  paren ta l  popula t ion  size of 16 or less, a re la t ion wi th  N ~  
alone does not  give the  propor t ion  of f ixed genes. H igher  order  te rms  of N g appear  to be involved  in the  relation.  
Fo r  the  same N g, the  propor t ion  is much  higher  for low N. 

The depressing effect  of low recombinat ions  be tween  loci is of different  magni tude  for different  N and p for a given 
N g. The  increase in the  propor t ion  of f ixed genes due to increasing N is not  as large when p is low. High  in tens i ty  
of selection offsets considerably the  effects of popula t ion  size and l inkage when gene effects are large. I t  appears  
t h a t  wi th  increased inbreeding and selection intensi ty ,  ahnost  all the  genes of large effects and at  in te rmedia te  fre- 
quencies can be rapid ly  f ixed regardless of linkage. 

Linkage  has been shown to cause faster  f ixat ion of genes in the  absence of selection. W i t h  selection, l inkage tends  
to delay f ixation.  Bu t  in the  case of v e r y  low recombinat ions,  there  appears  to be a level of popula t ion  size and selec- 
t ion intensi ty ,  below which there  is more rapid f ixat ion because of linkage. Selection for dominan t  genes in the  case 
of v e r y  close linkage, delays f ixat ion for a number  of generat ions and this delay results in reducing the  depressing 
effect  of linkage. 

I. In troduct ion  

The present mathematical  theory of the chance of 
fixation of a gene with selective advantage segregat- 
ing in a finite population, stems essentially from 
FISHER (1930) and WRIGHT (t931). Using WRIGI-IT'S 
model and a diffusion approximation of the process, 
KIMURA (t957) has derived a solution for u(ib), the 
chance of fixation of a gene with initial frequency p, 
as 

P 
f e-2Ns(2h--l)x(l-x)-2Ns~, d:r 

u ( p )  o 
= ~ , O) 

f g--2Ns(2h--i)x(t--x)--2Nsx dx 
0 

where N denotes parental population size, s is the 
selective advantage of a dominant homozygote and 
s h is the selective advantage of a heterozygote. The 
theory is developed for a single locus with constant N, 
s and s h, and is essentially haploid except that  
diploid selective values are used to derive an equi- 
valent haploid selective value. The approximations 
leading to equation (t) are made on the assumption 
of a large N and a very small s. EWENS (1963) ~has 
shown by powering a transition matr ix for a haploid 
model of a gene acting additively that  the error of 
diffusion approximation in (1) is negligible for N 
equal to 12 when s is very small and constant, but  
it increases when s is large. For  s equal to 0.1 the 
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error in u(~b) is shown to be of the order of about .0t 
depending upon ft. 

ROBERTSON (1960) has applied KIMURA'S results to 
non-epistatic polygenic systems ignoring linkages 
between loci and the effects of gametic disequilibria 
that  may arise due to selection. He has used the 
relation 

= ~ a / ~  (2) 
to deduce from (1) expressions for quanti tat ive 
response, where ~ is the standard selection differential 
and a/a is the proportionate effect of a gene assumed 
to be very small and constant over generations. 
LATTER (t965 a) shows that  the approximations used 
in obtaining (2) may  lead to appreciable error in 
predicting response if a/~r is large, especially with 
intense selection. Also, the assumption of constant 
a/~ is not realistic since the gene frequency is changing 
with selection. 

With selection, extension of a iingle locus theory 
to polygenic systems is not simple, as discussed 
recently by  QURESHI and KEMPTFIORNE (1968) from 
the point of view of gametic disequilibria arising in 
the population. The cumulative build-up of these 
disequilibria over generations in finite populations 
results in an excess of repulsion type gametes at 
fixation (HILL and ROBERTSON, 1966). A direct 
Monte Carlo s tudy of polygenic systems (QuREsItI 
et al., t968) has demonstrated certain linkage, selec- 
tion intensity and population size effects on total 
response. HILL and ROBERTSON (t966) have examin- 
ed in detail the case of two linked genes and have 
pointed out the effect of recombination frequency 
on the chance of fixation of various gametes and on 
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the change in gene frequencies. Their s tudy and that  
of LATTER (1965b) deal with haploid selection and 
follow the assumptions of the mathemat ica l  model 
referred to above as they use theoretical frequency 
functions to generate samples of gametic populations 
on a computer.  

In  natural  populations, especially of domesticated 
animals and plants, polygenic situations are com- 
monly encountered where rapid changes in the gene- 
tic structure result due to rapid inbreeding and selec- 
tion of diploid individuals. A question arises whether 
the simplifying assumptions of the mathemat ica l  
model hold for such situations. I t  appears tha t  some 
answers to the question can be provided by  simula- 
tion studies. The present s tudy is undertaken to 
examine the fixation of genes of large effects by  
directly simulating on a computer  the processes of 
t runcation selection and Mendelian segregation with 
ten linked loci. In the simulation the diploid nature 
of the process is followed throughout.  

II. Simulation of  the Process 

The processes of generating initial genotypes, 
selecting random pairs of individuals for mating, 
producing a random gamete from each parent  with 
specified frequency of cross-overs, computing geno- 
typic values, and selecting parental  population from 
an ordered array of genotypes are programmed in 
their logical sequence on an IBM-360 computer  
system. The generation of random numbers and 
programming procedure is the same as described by  
QvREsI~I et al. (1968). The direct simulation proce- 
dure followed here assumes only the Mendelian 
mechanism of inheritance and mimics selection 
experiments conducted with biological organisms of 
known genotypes. 

The size of a/a, realized in this s tudy of a ten-locus 
system, is very large and represents a biological 
situation where the expression of a t rai t  is controlled 
by  a few genes. 

For the models specified, using equation (2) and 
following ROBERTSON'S premises, equation (t) be- 
comes : 

Additive model : 
I - -  e - - c P  

u(p)  1 - e - c  ' (3) 

Dominance model : 
P 

f ec (1 - x)~ dx 
u(p)  --  o (4) 

1 

f e~ ( t -  ~)2 dx 
0 

where c = 2 N ~ a/a. 

For the purpose of this s tudy we consider a situa- 
tion where the expected gametic disequilibrium in 
the initial population is zero. In order to t reat  the 
situations where recombination value between loci 
is less than .5, we assume that  all ten loci are si tuated 
on a single chromosome and the recombination 
values between adjacent loci (r) are equal. Three 
cases of r equal to .005, .05, and .5 are simulated. 
Only the cases of close linkages are studied since 
Monte Carlo studies (e.g. LATTER, 1965b) have 
demonstrated tha t  the recombinations of more than 
10 percent do not have considerable effect on long- 
te rm response. Although the recombination values 
specified between adjacent loci are low, high recom- 
bination values are realized between distant  loci on 
the same chromosome. Following the argument  of 
QURESHI et al. (1968), the expected recombination 
value between two loci k recombination sites apar t  
is as follows: 

Genetic Mode ls  and k = 2 3 

Structure r = .0o5: .ol .ot5 
We consider anini t ia l  r = .o5: .095 .136 

population of dioecious 

4 5 6 7 8 9 
.o2 .025 .029 .034 .o39 .o43 
.172 .205 .234 .261 .285 .306 

individuals with ten segregating loci controlling the 
expression of a quant i ta t ive trait.  The population is 
in HARDY-WEII~BER~ equilibrium with frequency (p) 
of plus gene at each locus. With this symmet ry  of 
gene frequencies and effects, the genotypic value (g) 
of an individual is a function of the number  of - - -  
+ - - ,  and + +  phases in the genotype, denoted by  
n o, n 1, and n 2 respectively. For the models of gene 
action studied: 

Additive model:  g = nl]2 @ n2 

Complete dominance: g = nl + n 2 

The cases of p = .1 and p = .5 are simulated for 
each model and no environmental  variance is con- 
sidered. The quali ty a in formulae such as ~ a/a then 
refers to the variance associated with all loci but  
any  one locus under consideration. The proport ionate 
effects of genes (a/a) in the initial population are as 
follows : 

Additive gene action Dominance 

p = .1 1,49 .81 
P = .5 .89 .73 

The expected average recombination value of a ran- 
dom pair of loci is .018 and .15t for r equal to .005 
and .05, respectively. A gene cluster on the chromo- 
some is simulated when recombination frequency 
between adjacent loci is as low as .005. 

Selection Procedure 

We establish subpopulations of size N + 2, 
N + 4 . . . .  (equal number  in each sex) by  random 
sampling from the initial population specified and 
select N parents (N /2  in each sex) on the basis of 
high genotypic value. The selected parents are 
sampled with replacement for mating and to produce 
N + 2, N + 4 . . . .  offspring in various populations. 
The process of t runcation selection and reproduction 
is continued until all the loci are fixed. The propor- 
tion selected in different populations therefore varies 
as N / N  + 2, N / N  + 4 . . . . .  and remains constant 
over generations in a population. The intensi ty of 
selection is simulated up to a level where the average 
number  of plus genes fixed is fairly high. The frac- 
tion selected each generation in each sex for various 
N is varied in different populations as follows: 
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N =  2 : t 1 2 , ~ / 3 , 1 / 4  . . . .  
N = 4: 2/3, 2/4, 2/5 . . . .  
N =  8: 4/5, 4/6, 4/7 .... 
N = 16: 8/9, 8/10, 4/11 . . . .  

F i f ty  replications were generated for each treat-  
ment  combinat ion in each of the additive and 
dominance models. The size of N simulated here 
varies from the smallest possible to as large as 
commonly met  in isolated natural  populations and 
dosed herds of domestic animals. The intensi ty of 
selection is increased to a very high level in some 
cases to s tudy  the potential  of response, al though 
high intensities of selection are biologically possible 
only in prolific species. 

Parameters Observed 
For a given initial gene frequency, p, and a model 

of gene action, all the populations simulated have  
initially the same expected genotypic mean and 
variance regardless of the parental  population size 
(N), recombinations between adjacent loci (r), and 
the degree of t runcat ion selection specified. For  the 
fraction of progeny selected to be parents in each 
sex, one can calculate the selection differential in 
s tandard units from FISHER and YATES (t953), 
Table XX, on the assumption of approximate ly  
normal  distribution of genotypic values in the initial 
generation. We shalI denote these selection dif- 
ferentials as { and use these values in the results to 
indicate the intensi ty of t runcation selection. We 
also denote m t (t = 0, t . . . . .  T) as the genotypic 
mean in generation t, where T denotes the generation 
number  when all the loci are fixed. The quant i ta t ive  
response in generation t is denoted by  R t, where 
R t  -~" lq4t - -  ~o"  

Since the genotypic value of a q - +  phase at  
a locus is specified as one for both  the models, m T is 
equal to the number  of plus genes fixed in the popu- 
lations. The proportion of loci at which plus genes 
are fixed is therefore m r / l O  , which we denote as P.  
P may  also be considered as a measure of probabi l i ty  
of fixation of a plus gene under the specified set of 
conditions. In order to describe the process at 
fixation for various conditions of N, r, and ~ in the 
case of a given ~b and mode of gene action, the follow- 
ing parameters  are observed in each case. 

1. Proport ion of loci fixed for plus gene : P = mr/,o 
and its variance, V(P). 

2. Number  of generations to fixation at all loci, 
T, and its variance, V(T). 

3. The ratio of total  response to initial response, 
R T / R I ,  where R 1 = rn 1 - -  ~n o and R T = m T - -  too, 

averaged over all replications. 

The means of P and T and the variances V(P) 
and V(T) are the sample statistics based on data  in 
50 replications in each case. 

III. Results and Discuss ion 

Before examining the limits at fixation of all loci, 
one must  keep in view the process of change in 
frequency of genes leading to their fixation. For the 
process simulated, the probabil i ty  of fixation of 
a gene and the mean t ime for fixation are complex 
functions of N, r, ;~ and a/~. ~ and a/cr are specified 

for initial generation and change over the generations 
according to changes in the distribution of genotypic 
values and in the gene frequency. Changes in a/(r 
correspond to changes in genotypic variance (e2) with 
inbreeding, gametic disequilibria, and changes in gene 
frequency with selection, as discussed in QURESHI 
and KEMI~THORXE (1968). Also, the change in gene 
frequency due to selection depends on a/(r in tha t  
generation. 

For the purpose of presentation of results, g, 
although not constant  over generations, is used to 
s tudy P and T under various conditions of N and r. 
P is plotted for different N and r in Figures I to 4 
against N g, since P has the same origin at g equal to 
zero for all values of N and r and a given p. The 
values o{ T are different for different N at g equal to 
zero. T is therefore plotted against ~ in Figures 5 
and 6. Similarly, linkage effects are more clearly 
il lustrated by  plotting RT/R 1 against g as presented 
in Figures 7 and 8. 

Mean _Proportion of Genes Fixed 
Calculated values of u(p) from equations (3) and 

(4) are also presented in Figures t to 4, along with 
the observed values of -P from populations with free 
recombinations among loci. The purpose of this 
comparison is to assess the nature  and magni tude of 
the differences in the results because of discrepancy 
in the premises of the diffusion model and of the 
experimental  model of this study. I t  is, however, 
not reasonable to compare diffusion approximations 
with simulation results from populations with linkage. 

Comparison of P in the case of free recombination 
between loci with u(p) shows larger values of P when 
initial gene frequency is .5 and smaller values when 
the frequency is .t. For lower values of p, the dif- 
ference is larger in the case of additive genes as 
compared with tha t  for dominant  genes. The dif- 
ference between P and u(p) is due to eontinuization 
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Fig. t. Additive model, p = .1: mean  propor t ion  of plus 
genes fixed a t  the  limit under  various conditions of N and r. 

Curve K is calcuIated f rom equat ion (3) 
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at the limit under various condi- 
tions of N and r. Curve K is cal- 

culated from equation (4) 

of the  t ime  p a r a m e t e r  and  a p p r o x i m a t i o n s  used in 
the  de r iva t ion  of E q u a t i o n s  (3) and  (4) bes ides  the  
effect on P of changes  in the  se lect ive  va lue  (7 a/a). 
EWXNS (t963) has  shown t h a t  if the  changes  in selec- 
t ive  va lue  are  ignored,  u(p) ca lcu la t ed  f rom diffusion 
a p p r o x i m a t i o n  is la rger  for all  va lues  of p be tween  
zero and  one. The  effect of changes in t he  select ive 
va lue  for the  cases of/5 equal  to .t  and  .5 are demon-  
s t r a t e d  b y  the  obse rved  va lues  of P c o m p a r e d  wi th  
u(p)  in F igures  I to 4. 

F o r  the  same values  of N 7, P is g rea te r  for smal -  
ler N.  In  smal l  popu la t ions ,  increase  in the  i n t e n s i t y  
of select ion resul ts  in the  f ixa t ion  of l a rger  p ropo r t i on  
of plus  genes t han  t h a t  desc r ibed  b y  a r e la t ionsh ip  
wi th  N 7. F o r  popu la t ions  smal le r  t h a n  8 th is  effect 
is qui te  considerable .  A t  N 7 equa l  to  3, P wi th  full  
s ibbing  is g rea te r  b y  a b o u t  .t  t h a n  wi th  N equa l  to  
t6  in the  case of in i t i a l  gene f requency  of .1. W h e n  p 

is .5, th is  difference is of the  
o rder  of a b o u t  .05. I t  is ap-  

ll lz p a r e n t  t h a t  a t  leas t  for pa ren-  
t a l  popu la t ions  of t 6  or  less 
and  the  modes  of gene ac t ion  

s tudied ,  P is not  a func t ion  of N 7 alone for a g iven  p,  
b u t  also involves  high order  funct ions  of N 7. 

F o r  the  close l inkages  s imula ted ,  the  decrease  in P 
is cons ide rab ly  large and  this  serves to d e m o n s t r a t e  
c lear ly  l inkage  effects unde r  var ious  condi t ions  of 
N and  7. I t  has  been shown ear l ier  (QuRESHI and  
KES~PTI-IORNE, t968) t h a t  w i th  add i t i ve  genes and  
low r ecombina t ions  be tween  loci, the  change  in gene 
f requency  over  genera t ions  is cons i s ten t  w i th  t he  
decrease  in the  geno typ ic  va r i ance  and  there  is r a p i d  
a p p r o a c h  to f ixa t ion .  F o r  d o m i n a n t  genes an ' ope ra -  
t iona l  p l a t e a u '  wi th  respec t  to change  in m e a n  gene 
f requency  is no t i ced  over  a n u m b e r  of genera t ions  
af te r  an in i t ia l  phase  of cons i s ten t  increase.  The  
dominance  componen t  of the  geno typ ic  va r i ance  i s  
inc reased  at  the  p l a t e a u  because  of the  game t i c  dis- 
equ i l ib r ia  in the  popu la t ion .  W i t h  decrease  in he te ro-  
zygos i ty  due to  increased  inbreed ing  i n  l a t e r  genera-  

Table 1. Additive model: observed variance of P,  V(P),  compared with the binomial 
variance, @ 

7~___" .5 g - -  t.0 

])~ .5 

N =  2, r =  .005 .246 
r = .05 .300 
r = . 5  .347 

N = -  8, r = . 0 0 5  . 3 3 2  
r = .05 .498 
r =  .5 .594 

N = 16, r = . 0 0 5  .454 
r =  .05 .664 
r =  .5 .79O 

.008 .019 .298 .007 .021 
,011 .021 .422 .0tt  .024 
.015 .023 .462 .010 .025 
.004 .022 .454 .009 .025 
.013 .025 .688 .015 .021 
.023 .024 .810 .012 .015 
.014 .025 -- --  -- 
.015 .022 -- -- -- 

.Oll .017 --  --  -- 

.011 .020 .780 .OO6 .017 

.O08 .015 .896 .OO9 .OO9 

.0t5 .014 .938 .004 .006 

.010 .016 .920 .007 .007 

.005 .005 .99O .002 .001 

.003 .002 1.0 .0 -- 

.005 .009 -- -- - -  

.001 .00t - -  - -  - -  

.000 .0 - -  - -  - -  

N---- 2, r =  .005 .727 
r =  .05 .81o 
r = . 5  .834 

N =  8, r =  .005 .806 
r =  .05 .944 
r =  .5 .976 

N =  16, r =  .005 .896 
r =  .05 .988 
r =  .5 .998 

t ions,  t h e  dominance  
var iance  is r educed  and  
a second phase  of in- 
crease in gene f requency  
is seen. I t  is in t e res t ing  
to no te  here  t h a t  th is  
p a t t e r n  of change in the  
mean  f requency  of do-  
m i n a n t  genes resul t s  in 
t he  f ixa t ion  of a h igher  
proportion of genes. It 

m a y  be seen from F igu -  
res t - - 4  t h a t  the  reduc-  
t ion in P due  to low 
r e c o m b i n a t i o n  is no t  as 
large for d o m i n a n t  genes 
as i t  is for a d d i t i v e  
genes. 

The  differences in P 
due to  p a r e n t a l  popu-  
l a t ion  size for a g iven 
N 7 a p p e a r  to be of s imi-  
lar  n a t u r e  wi th  l inkage  
as in the  case of free 
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recombina t ion .  B u t  the  
decrease in P due to 
l inkage is d i f ferent  for 
di f ferent  N and  ft. I n  
the  case of p equa l  to 
.1 the  dec rease in  P w i t h  p = .~ 
l inkage,  at  a g iven  N ~, N ~ 2, r = .005 
is larger  for large N and r = .o5 r =  .5 
is smaller  wi th  increas-  N = 8, r = .oo5 
i n g N  w h e n p i s . 5 .  I t  r = . o 5  
appears  t h a t  for popu-  r = .5 
la t ions wi th  low ini t ia l  P = .5 
gene f requency,  increase A r = 2, ~ = .005 

r = .05 
in pa ren ta l  size up to r = .5 
16 resul ts  in smal ler  in- N = 8, r = .005 
crease in P wi th  s imilar  r = .05 
select ion i n t e n s i t y . W i t h  r = . 5 
high ini t ia l  gene fre- 
quency  and close l ink- 
age, the  increase in P is 
larger  wi th  increas ing N.  
Inc reased  select ion in- 
tens i ty ,  even  wi th  r as p = .~ 
low as .005, appears  to ~ = o, r = 
coun te rac t  the  effects of r = 
l inkage and resul ts  in r = 
an increase in P more  ~ - -  .5, r = 
than  t h a t  exp la ined  by  r = r ~  
a re la t ion wi th  N ~. ~ - -  ~.o, r = 

I t  is of in teres t  to r = 
f ind the  d i s t r ibu t ion  of r = 
P,  especial ly  when lifik- P = .5 
age is present  be tween  ~ = o, r = 
loci. U n d e r  condi t ions  r = 
of free r ecombina t ion  ~ - -  .5, r = 
and no selection, the  r = 
d i s t r ibu t ion  is appa-  r = 
r en t ly  b inomia l  wi th  in- 7 - -  ~ .o, r = 

r 
dex n, the n u m b e r  of loci r = 
under  considerat ion.  In  

Table 2. Dominance model: observed variance of P, V(P), compared with the binomial 
variance, ~ 

~ .5 7 -'-- t .0 

.216 .007 .017 .385 .0tl  .024 

.298 .ol i  .o2t .452 .009 .025 

.3OO .0i3 .021 .49O .oo8 .025 

.496 .008 .025 .578 .010 .024 

.538 .0i3 .025 .804 .0t2 .o16 

.614 .0t3 .024 .862 .011 .0t2 

.695 .0t5 .02t .846 .011 .0t3 

.8OO .ot7 .016 .934 .OO7 .006 

.842 .0tl  .013 .972 .002 .002 
.924 .oo5 .OO7 .969 .0o2 .002 
.972 .0o2 .003 1.0 .o .o 
.994 .o01 .0o~ ~.0 .o .0 

Table 3. Additive model: mean number of generations to fixation (7") and its variance, 
V( T), in certain cases 

N = 2  N = 8  N ~ I 6  

T V(T) T V(T) T V(T) 

.005 6.t8 13.3 29.9 247.1 57.o 1072.3 

.05 8.1 30.2 32.5 444.1 65.9 78t .2 
�9 5 7.9 30.9 37.0 295.3 72.8 1405.5 
.005 7.o 22.5 16.9 75.5 25.8 259.0 
.05 8.3 t2.1 20.0 33.2 27.1 35.4 
�9 5 9.3 7.5 19.4 t8.5 23.5 14.3 
.o05 5.5 7.4 ~1.5 77.9 - - 
.o5 6.8 6.o 12.9 7.3 - - 
�9 5 6.8 2.3 11.5 t.7 - - 

.005 8.9 29.4 37.7 42t.5 75.9 84t.0 

.05 10.7 23.5 5t.3 452.8 90.2 976.2 

.5 13.5 28.3 5t.7 390.0 97.9 12t8.8 

.005 5.2 6.5 i7.2 103.0 t9.9 102.o 

.05 9.8 19.2 19.0 36.0 22.8 30.1 

.5 9.6 5.5 16,6 t0.1 t5.3 5.5 

.005 5.6 t0.3 9.4 16.2 - - 

.05 6.2 3.7 8.4 3.8 - -  - -  

�9 5 6.9 2.3 7.4 0.7 -- -- 

order  to get  some ideas about  the  depar tu re  of 
the  observed  d is t r ibu t ion  f rom the  binomial ,  we have  
compared  the  observed  var iance  of P, a p a r a m e t e r  
of in teres t  deno ted  by  V(P) ,  with  the  b inomia l  
var iance,  @, which is equal  to P (t - -  P) /d0.  These 
are presen ted  in Tables  I and 2 in the  case of selec- 

I~=o. 7 p = O . 5  

1o L o.5 N~2 

o ~ - 7 -  

~o~ N4 

I0) ~oo5 -~-~:=-- 

M ~ 7  

i , , aas,'o.aos, 7 - 

\ ,,4, ~ 5 N-8 

- "x2 " N  

\ ~ ~  0.005 
r i " ~ T - - F "  ~ 

tk N4e 

0,25 ~50 075 100 ~25 

~ I f F f 

~ 50 N~z6 

l \ ~ . a o s  

:C ' I t I 1 _ _ _  

0 025 0.50 C.7$ 1,00 Z~ 150 150 

Fig. 5. Additive model: average number of generations to 
fixation at aI1 ten loci 

t ion intensi t ies  for which ~ is a p p r o x i m a t e l y  equal  
to .5 and t.0. Chi-Squares  ca lcu la ted  from da ta  in 
50 repl icat ions  were not  consis tent  bu t  were signi- 
f icant  mos t ly  in cases of low recombinat ions .  

I t  appears  t h a t  V(P),  g iven in Tables  1 and 2, 
is reduced  with  increas ing in tens i ty  of select ion and 
this reduc t ion  is more  wi th  free recombina t ion .  
V(P) appears to be reduced with low recombinations 
in v e r y  small  popula t ions  bu t  appears  to increase 
when N is as large as t6. W h e n  N is equal  to 8, 
there  is an increase in V(P)  with  low recombina t ion  
at h igh in i t ia l  gene f requency.  A compar ison  of 
V(P)  and @ gives a more  clear picture.  V(P)  gets  
smaller  than  @ wi th  decreasing N and ~ and wi th  
increasing g. The  difference due to select ion in tens i ty  
is small  and in the case of free r ecombina t ion  it  is 
negligible. 

Mean  Number  of  Generations to Fixation 

Theore t ica l  solut ions for mean  t ime  for f ixat ion,  
re(t), can be der ived  f rom diffusion models  (e.g. 
EWENS, t963) for a single segregat ing  gene. Fo r  a set 
of genes wi th  ident ica l  se lect ive  a d v a n t a g e  loca ted  
at f reely segregat ing  loci, re(t) corresponds to the  
t ime requi red  for f ixa t ion  of any  one of the  loci. 
I t  is of in teres t  to f ind the n u m b e r  of genera t ions  
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required for fixation of all the loci under considera- 
tion, especially in the case of linkage. This parameter ,  
denoted by  T in this study, is expected to be greater 
than rn(t) but  smaller than n[rn(t)], where n is the 
number  of loci. 

With no selection, close linkage causes rapid fixa- p = A: 
tion of genes as shown in Table 3. This suggests tha t  
when a multi-locus situation is considered, the rate 
of inbreeding in finite populations is higher with 
restricted recombination among loci. Looking at the 
observed values of T as a multiple of N, say X N, 
the following values of X are obtained: P = ,5: 

N = 2  N = 8  N = I 6  

p = A ,  r = . 0 0 5  3.1 3.7 3.6 
.05 4.t 4A 4A 
�9 5 4.0 4.6 4.6 

p = . 5 ,  r = . 0 0 5  4.5 4.7 4.8 
.05 5.4 6.4 5.6 
�9 5 6.8 6.5 6A 

I t  appears tha t  there is a tendency for the coefficient 
to increase with increasing N. The inconsistencies to 
this t rend are accounted for by the large variance 
of T in the part icular  cases as shown in Table 3. 
In general, V(T) in relation to its mean appears to 
be similar in all cases of N and s simulated. 

Selection for additive genes causes rapid fixation 
of genes as seen in Figure 5. The decrease in T with 
increasing selection intensity appears to follow 
a complex exponential  relation in terms of N and ~. 
For the same N ~, T is much smaller for smaller N. 
With full-sibbing, there is rapid fixation with selec- 
tion when r is .05 or lower. In parental  populations 
of 8 or more, fixation is delayed when r is equal to 
�9 05 and this delay is increased with increasing N. 
With  increased intensity and larger populations T is 
increased even when r is as low as .005. This type 
of relationship between N and r suggests tha t  for 
a given level of linkage there is a level of N and ~ a/a 
above which fixation is delayed in comparison with 
free recombination. With decrease in population 
size or selection pressure below this level, linkage 
will cause more rapid fixation of genes. Tables 3 
and 4 show tha t  the variance of T in relation to its 
mean generally increases with N and r but  decreases 
with increasing selection intensity. 

5a 

4'0 

p=0.1 7o=0.5 

2O 

-~ 0 
q ~  

60 
t,a 

.g eo 

N=2 0000L...I.t" 
f . -  

. , , :  

, , i . / "  ,,. oys_ . . . . .  
" - " J  . . . . .  0.5 

. .  I P I P P 
3/= ~ //. . . j- '00oo0 

~05 
' 0.5 

I I I I I 

e0 L _ N  =lg 

~o~ ~ . . . .  00o~ 

t I 

N=2 00 / . / ' / ' J /  

i T "  
~ .  0005 ~ - ~ - ~ - .  

. " f  ~5 
q 1 { I I 

/f=8 . . . . . . .  o, oos 

~ _ a o s  
i l T " - - ~ 0 5  I 

" N  

lZ5 T I 

Table 4 .Dominance model: mean number of generations to 
fixation (T) and its variance, V(T), in certain cases 

N = 2  N = 8  

T V ( T )  T V ( T )  

g - -  .5, r =  .005 14 92 65 284 
r =  .05 t4  72 39 16t 
r =  .5 13 46 34 120 

~ "  1.0, r =  .005 47 657 64 322 
r =  .O5 20 83 39 93 
r =  .5 15 50 29 72 

g~" .5, r =  .005 22 279 57 411 
r =  .05 20 74 38 154 
r = .5 16 36 31 t32 

g ~  1.0, r =  .005 53 704 54 418 
r = .05 22 t68  24 82 
r =  ,5 t6  30 24 70 

In  the case of selection for dominant  genes (Fi- 
gure 6) fixation is always delayed with linkage. With 
full-sibbing T is slightly increased with increasing 
even when there is free recombination between loci. 
The increase in T with linkage may  be explained in 
terms of gametic disequilibria in the population tha t  
influence the change in gene frequencies over the 
generations. The incidence of 'operational plateaus '  
discussed earlier cause large increase in T when r 
is as low as .005. F o r  reasons of large number  of 
generations involved, this case of linkage could not 
be studied for N equal to 16. 

Quantitative Re@onse 

In  our model, all the populations have similar 
structure in the initial generation. Response in one 
cycle of selection (R1) therefore depends on ~ alone 
and is independent of the effects of N or r. The 
total  response (RT) depends on the conditions of 
N, r and ~ simulated in various populations. From 
the definition of R T it is obvious tha t  the results 
given for P also hold for R r. In a discussion of 
limits of quant i ta t ive  response the questions of 
practical importance pertain to the level of N and ~, 
for a given r and a/a, needed to at ta in total  response 
close to the maximum.  The importance of N in this 
respect has been emphasized in various theoretical 
and Monte Carlo studies. With genes of large effects, 
increasing the intensity of selection, if the prolificacy 
of the species allows, offsets considerably the depres- 
sing effects of population size and linkage. Results 
of this s tudy show tha t  for genes with not very low 
initial gene frequency, increased selection intensity 
can result in response close to the max imum even 
with full-sibbing and close linkages between loci. For 
example, the following levels of t runcation selection 
in each sex were required in order to a t ta in P of .95, 
s tar t ing with a mean frequency of .5 of additive 
genes. 

r ~ .005 r = .05 r ----- .5 

N =  2 1/51 (2.25) t / t3 (1.67) t/5 (t.16) 
N = 4 2/28 (1.80) 2/7 (1.06) 2/5 (.83) 
N =  8 4/22 (1.39) 4/7  ( . 6 2 )  4/6 ( . 4 8 )  
N = 16 8/15 ( . 7 t )  8 / t 0  ( . 3 2 )  8/9  ( . t 9 )  

00zs aso o.z5 zoo zz5 zso o.z5 0.50 a75 zoo l.zs 1.so The values in parentheses are of ~ calculated 
v - :  ~-_-  for initial generations. The level of t runcation 

Fig. 6. Dominance model: average number  of generations to r e q u i r e d  in  t h e  ca se  of d o m i n a n t  g e n e s  is m u c h  lower 
fixation a t  all ten  loci t h a n  g i v e n  a b o v e .  
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Fig. 7. Add i t ive  model :  t he  rat io  RT/R1 as re la ted  to ~ unde r  
~arious conditions of N and r. 
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Fig. 8. D o m i n a n c e  model :  t he  rat io  RT/-t?I as re la ted  to ~" 
under various conditions of N and r. 

I t  is of interest to describe total response in terms 
of initial response as at tempted by ROB~RTSON (1960). 
The ratio R T / R ,  is shown in Figures 5 and 6 for 
additive and dominance models. I t  appears that  
at tempts to represent total response as R r / R  ~ = C N 
are futile, since C is dependent upon p, N and g 
besides r. As expected RT/R1  is higher for p equal 
to .t and for higher recombinations. The graphs for 
different linkage groups in Figures 7 and 8 converge 
with increasing ~. This illustrates the effect of in- 
creased selection intensity in reducing the depression 
in total response due to linkage. The ratio R T / R  , 
is lower for dominant genes than for additive genes, 
which is due to higher values oI R 1 realised. 

Zusammenfassung 
Der Anteil fixierter Loci ffir erwfinschte Gene und 

die ffir die Fixierung erforderliche Zeit werden in 
einer simulierten diploiden Population untersucht, 
wobei eine ursprfingliche HAR>Y-WHN~ERG-Struktur 
angenommen wird. Es wird ein symmetrisches 
10-Locus-System yon additiven oder dominanten 
Genen mit Koppelung zwischen benachbarten Loci, 
die yon 0,005 fiber 0,05 bis zu 0,5 variiert wird, 
simnliert. Hierbei wird ein konstantes AusmaB von 
trunkierender (stutzender) Selektion ffir die Ober- 
grenze der Verteilung in der Population betrachtet. 
In verschiedenen Populationen wird die Intensit~tt 
der Verteilungsstutzung variiert in der folgenden 
Form N / N ,  N / N  q- 2, N / N  + 4 . . . . .  wobei N die 
elterliche Populationsgr6ge ist, die mit 2, 4, 8 oder ~ 6 
spezifiziert wird. Das Selektionsdifferential der 

Ursprungsgeneration, i, variiert hierbei in einigen 
F~tllen von 0 his auI mehr als 2 Standardabweichungen. 
Die ursprfinglichd mittlere Genfrequenz, p, die in ether 
Ausgangspopulation simuliert wird, ist 0,1 oder 0,5. 

Es wird gezeigt, daB, im Vergleich zu groBem selek- 
tivem Vorteil eines Gens und frequenzabh/ingiger 
Anderung des Selektionskoeffizienten, Diffusions- 
n~iherungen, die konstante selektive Vorteile voraus- 
setzen, h6here Werte ffir den Anteil fixierter Gene 
im Fall p = 0,1 und niedrigere Werte ffir j5 = 0,5 
ergeben. Mit einer elterlichen Population der GrSBe 
16 oder kleiner ergibt die Beziehung N i  allein nicht 
den Anteil fixierter Gene, da Termini h6herer Ord- 
hung yon N i  in die Beziehung einbezogen stud. Bet 
gleichem N i  ist der Anteil bet kleinem N viel h6her. 
Der reduzierende Effekt einer niederen Rekombina- 
tionsrate zwischen den Loci ist yon unterschiedlicher 
Gr6Benordnung bet verschiedenem N u n d p  bet einem 
gegebenen N i .  Der Zuwachs im Anteil fixierter Gene 
infolge eines wachsenden N ist nicht so groB, wenn ~b 
niedrig ist. Eine hohe Intensit/it der Selektion gleicht 
die Wirkungen der Populationsgr6ge und Koppelung 
erheblich aus, wenn die Genwirkungen groB sin& Es 
zeigt sich, dab praktisch alle Gene mit grol3er Wirkung 
und intermedi~trer Frequenz unabh~ingig yon der 
Koppelung schnell fixiert werden k6nnen, wenn eine 
zunehmende Inzucht  und Selektionsintensit~it vorliegt. 

Koppelung hat  sich als eine Ursache ffir eine 
schnellere Fixierung yon Genen in der Abwesenheit 
von Selektion erwiesen. Mit Selektion tendiert Kop- 
pelung dazu, die Fixierung zu verz6gern. Es zeigt 
sich jedoch im Falle einer sehr niederen Rekombina- 
tionsrate, daft es ffir die Populationsgr6Be und Selek- 
tionsintensit~tt einen Schwellenwert zu geben scheint, 
unterhalb dessen eine schnellere Fixierung als Folge 
der Koppelung auftritt. Eine Selektion auf domi- 
nante Gene verz6gert im Fall der sehr engen Koppe- 
lung die Fixierung ftir eine Anzahl yon Generationen 
und diese Verz6gerung ffihrt dazu, dab der verlang- 
samende Effekt der Koppelung reduziert wird. 
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